Solving numerically the null geodesic equations in an inhomogeneous model universe consisting of galaxies, we study the gravitational lens effect of galaxies on the images of high redshift objects. Morphological studies are done as well as quantjtative analyses for the image deformation. For the spatial distribution of galaxies, it is assumed that the present correlation length is about 5h-1 Mpc (the Hubble constant Ho=100h kms-1Mpc-1 ). It is shown that the images of the objects with z:22 can be much deformed in angular sizes of several arcsec. This result shows that the warped structure of radio images in high redshift quasars may be explained by the gravitational lens effect. § 1. Introduction
The light rays emitted by high redshift objects like quasars propagate through the intergalactic space, the neighbourhood and sometimes the inside of galaxies before they reach us. Their paths are more or less deflected by the gravitational forces of galaxies. In the recent observational studies on the morphologies of high redshift quasars, many interesting. distorted or warpi~g images were found. I ), 2) It seems to us that they originate in gravitational lensing by galaxies. In this paper we study what deformation is aroused by the galactic lens effect on the images of high redshift objects. The image deformation was once investigated by Blandford and J aroszynski, 3) who took into account the inhomogeneous distribution of lenses by using the two-point correlation function. In the present treatment we consider also the inhomogeneity of mass distribution in individual galaxies as well as their spatial distribution. Both of these two inhomogeneities are important factors for image deformation.
The deflection angles depend on the galactic masses and radii, the number density, the birth time of galaxies and the background cosmological model. If we take into account the dark matter in the galactic halo region, the galactic masses are by a factor 10-100 larger than the standard mass (~101l M",). In this paper we adopt the rather large value for the galactic mass and the Einstein-de Sitter background model. For the galactic distribution we assume that the present correlation length is about 5h-1 Mpc (the Hubble constant Ho=lOOh kms-1Mpc-some characteristic behaviors of deformation can be derived in a simplified model of multiple deflections. In § 6 concluding remarks are given. In Appendix our numerical methods are shown.
§ 2_ Equations of light propagation in inhomogeneous models
The background model is assumed to be spatially flat and, in the Newtonian approximation, the line-element of inhomogeneous models is expressed as where a(t)=(t/tl)2/3 and tl denotes an initial time. The gravitational potential cp satisfies where Ps is the background density satisfying 671"Gpst 2 =1. In our treatment the inhomogeneities are spatially periodic in the sense that the physical situation at x is the same as that at x+ lIn, where n( =(n\ n 2 , n 3 )) are integers. In an arbitrary box with coordinate volume 11;.(==11 3 ) there are N particles representing galaxies with the same mass m. It is assumed that the force at an arbitrary point is the sum of forces from N particles in the box whose center is its relevant point, and that the forces from outside the box can be neglected. This calculation method was used in Miyoshi and Kihara's work 4 ) and our previous paper. 5 ) If the size of the box is smaller than the characteristic size of inhomogeneities, this method is not good.
In our model the present length of a box is (1 + Zl) 11;.1/3=33.3h-l Mpc and the particle number N is 11 3 , so that the mass is (2) (3) where Zl is the redshift at an initial epoch tl and is taken as 1 +zl=100 in the following. It is assumed that the particles are formed at epoch tf such as 1 + Zf ~ 2 and their physical radii are constant from the formation time to the present. The above mass is the one which includes the mass of halo gas existing outside the optically seen region.
The matter density distribution in a particle is introduced by means of softening of the Newton~an forces, as in the previous paper,5) and the effective radius leff is here' taken to be 60, 80 or 120h-l kpc (see Appendix). This radius is rather larger than the standard galactic radius because the extended halo region is considered.
The light propagation is described by use of the ray vector
kp-=dxP-dv
satisfying the null condition (2-4) where yO= rand CR is the dimensionless light velocity defined by (2 '13) and Ki=Ki. Then the equations for light paths are reduced to (2·14) (2·15) (2 '16) where (2 ·17) and the definition of (/JI can be seen in Appendix. In the background model, Ki is a constant unit vector (=KBi) and light paths are given by (2 '18) where ro denotes the present epoch. 
. Morphology of image deformation
Now we consider an observer who is at the origin of a periodic box and receives the ray bundles incoming from many arbitrary directions. As shown in Fig. 1 , each bundle consists of 900 rays which are put in the same separation angle (=1 arcsec) in a square region of 30 arcsec X 30 arcsec at the present epoch. If we go back in time, the cross sections of ray bundles are deformed from the square to complicated forms.
In order to express angular positions of rays, we introduce two orthonormal vectors eEl) and e (2) in the plane perpendicular to the first ray vector, which satisfy the relations (3·1)
Even if for the above plane we take the planes perpendicular to any other rays, the difference which will appear in the following analyses is very small. Then the angular coordinates (Xa, Ya) of 900 rays (a=1-900) relative to the first ray (a=l) This means that galaxies at epoch zs2 play dominant roles in the lens effect on high redshift objects. This trend is quantitatively analyzed in the next section and the explanation in a simplified model is given in § 5.' Moreover it is found from Figs. 2 ~4 that often ray bundles focus and have caustic points or planes at epochs z~ 1 and reexpand thereafter. Next, we derive the deformed images which are brought by the lens effect to originally circular objects (with various layers) put at epochs ze=1-5. Figure 5 shows the undeformed circular object. For this purpose we use the correspondence between the present and past positions of rays. Figure 6 shows deformed images in &o.I.Z, &0.2.z, &0.3.Z and &o.s.z for z=1-5, where the circular objects are put in the central region of the cross sections such as in Fig. 2 . Figure 7 shows the images in B SO. 2 of r~l, 1 < r~2, 2< r~3 and 3< r~5, respectively, where r=lr-rei, r=(X, Y) and re denotes the center. From the images in the ten ray bundles we find as general properties that the circular images are deformed to long and narr'bw shapes in most cases, and that for r ~ 5 the deformation in various layers is comparable. Moreover let us consider linear objects with various parts put at epochs ze=1-5. Figure 8 shows the undeformed linear object. Then Fig. 9 shows how the lens effect warps the optical images of these objects in A so. ..
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Th~ quantity f1. is defined as First we derived ten sets of quantities (3(e) and 90-f1.(e) at epochs z=I-5, which correspond to the ten ray bundles, and next the mean values and the dispersions for the ten sets. They are shown in Tables I, II and III for leff=60, 80 and 120h-1 kpc, respectively. For a comparison these quantities were calculated for another 5 ray bundles also in a case when galaxies were always put only in the grid points and there was no correlation in their positions. Their values are shown in Table IV . It is found that (3(e) and 90-f1.(e) in the correlated case are larger than those in the non-correlated case, and that also the dispersIons in the correlated case are larger. As for (3( e) the values are larger by a factor of about 3. The behaviors (3( e) and 90 -f1.(e) are shown in the cases leff=60h-1 kpc in Figs. 10 and 11 , respectively. Moreover the mean values of (3(0) in Aso.l.z, AsO.2.Z and AsO.5.Z are given in Fig. 12 , which shows that there is a quantitative difference between their behaviors for zf=1 and those for z=2-5. In this section metric perturbations are considered in the form of gravitational deflection angles due ,to the nearest individual galaxies and comparatively small gravitational forces from surrounding galaxies are n~lected for simplicity. Moreover it is assumetl that the distribution of galaxies are approximately uniform, in such a way that their spatial correlation length is about 5h-1 Mpc at present. Then the average deflection angle is derived as follows: First It~t us denote the average coordinate distance between two nearest galaxies as rb and~theaverage number density of galaxies as n(=1/(rba) 3) , and consider the deflections by galaxies in the time interval to?:. t?:. tf . . Because the individual deflections and the deviation of galactic number density from the mean value are random, the mean deflection angle is given by where r=8}./(R€), p=r/(R€) and p'2=p2+r2-2rPcos¢>.
The integration of J is complicated, but nearly independent of rb, because of 
where we used no=po/m and 8 TCGpo = 3H02. In Fig. 10 For given Zf( =1,2 and 5), the relations between /3 and Ze are shown in Fig. 15 . It is found from this figure that the relations with Zf22 are similar to each other, but different from those with Zf=1. A similar situation was found in the result of the numerical calculations in § § 3 and 4. This situation is explained as follows: Galaxies at earlier epochs arouse more deflections, because their number density n is larger. On the other hand, as lenses are nearer to the emitters, the deflection angles measured by the observer (at epoch to) are smaller. This effect is represented by (/)2 for the equations for /3. Because of the above two effects, the main contribution to the integrals 11 and 12 comes from the redshift interval z=0.3-1.0 and 0.3-1.5 for zf=l and Zf22, respectively. Accordingly, the integrated behaviors are different in the case zf=l and the case Zf22. spectively, as m is by a factor 10 smaller. Though we assumed the comparatively larger mass for galaxies, therefore, the image deformation will be larger, when we assume smaller masses. As for the 8 dependence, on the other hand, the lens effect in this case will arise in smaller angles. Next let us consider how many galaxies are included within the angular area 8
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The number of galaxies in a cone, whose cross section is a square such as in Fig. 16 , is
Accordingly the number of galaxies is given by We have studied the gravitational lens effect due to galaxies on the images of high redshift objects and found that the deformation is so large to explain the observed warping of high redshift quasars. Quantitative analyses of the deformation and the explanation of their results in a simplified· model also have been performed.
As a result we have found that /3 depends sensitively on the particle size but the dependence of f1 on the size is smaller, and that the contribution of (on/n)o2 to /3 is significant.
On the other hand there are some problems in our inhomogeneous models. First we assumed that all matter in the universe consists of galaxies with the same mass and the existence of uncondensed matter was neglected. If the latter matter is dominant, our results must be modified, so that the lens effect is weaker. Second, because the size of the periodic box is 33.3h-1 Mpc, larger inhomogeneities such as groups of clusters and superclusters could not be taken into account.
If we consider microlensing due to lens objects with smaller mass m, /3 and the image deformation will be larger in smaller scales. The deformation for z<:5 may therefore be large enough for small objects with a few arcsec to be discriminated observationally. This situation may explain also why quasars with z<:5 cannot easily be found.
Moreover it is important in our work to clarify the mass and radius of the halo component of galaxies. These problems will be examined in future works.
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Appendix --Numerical Methods--
Inhomogeneous models were derived using the same method as in the previous paper,5) that is, our code was made on the basis of Aarseth's individual time step method, except for that the size of the periodic box was contracted by a factor 6. The calculated positions of particles were kept in a file and next used for the calculations of light paths. For the latter calculations the Adams integration method was used.
The Poisson equation is replaced by (A'I)
Here the inhomogeneity is inside a periodic box such that the relevant point is the center and the region outside the box is assumed to be homogeneous. In the box there are N particles. If p(y) is given by delta functions as 
we obtain (A·3)
The latter potential cP2 comes from the homogeneous background density, so that its gradient gives no force to particles. Now in order to take into account the finite particle size, we modify the expression of cP! in Eq. (A· 3) as (A '4) where the softening parameter t( r) gives the size of the core of the particles in co moving coordinates. Since for O~z~5 the physical size of galaxies is constant in the present treatment, we have The mass distribution for each particle, therefore, is defined by 
